A numerical solution is presented for unsteady coupled heat and mass transfer by natural convection from a non-Newtonian power-law fluid flow past a vertical plate embedded in a non-Darcian porous medium in the presence of viscous dissipation and chemical reaction effects. The governing equations are formulated and a numerical solution is obtained by using an explicit finite-difference scheme. The solutions at each time step have been found to reach the steady state solution properly. The numerical results are presented in tabular and graphical form to show the effects of material parameters of the problem on the solution.
Introduction
Natural convection in a fluid-saturated porous medium is of fundamental importance in many industrial and environmental problems. Moreover, heat and mass transfer from a vertical flat plate is encountered in various applications such as heat exchangers, cooling systems and electronic equipment. In addition, Non-Newtonian fluids such as molten plastics, polymers, glues, ink, pulps, foodstuffs or slurries are increasingly used in various manufacturing, industrial and engineering applications especially in the chemical engineering processes.
In general, chemical reactions in mass transfer problems include two types. A homogeneous chemical reaction is one that occurs uniformly throughout a given phase. The species generation in a homogeneous reaction is analogous to internal source of heat generation. In contrast, a heterogeneous reaction takes place in a restricted region or within the boundary of a phase. It can therefore be treated as a boundary condition similar to the constant heat flux condition in heat transfer.
The study of heat and mass transfer with a chemical reaction is of great practical importance to engineers and scientists because of its almost universal occurrence in many branches of science and engineering [1] . Kandasamy et al. [1] have studies the effects of chemical reaction and heat and mass transfer on MHD flow over a vertical stretching surface with heat source and thermal stratification. In the past decades, the penetration theory of Highie 1935 had been widely applied to unsteady state diffusion problems with and without chemical reaction. As far as one can ascertain, all the solutions with chemical reaction were obtained for the case of a semi-infinite body of liquid, although physical absorption into a finite film was considered. Among some of the interesting problems which were studied is the analysis of laminar forced convection mass transfer with homogeneous chemical reaction [2] . The effect of different values of Prandtl number of the fluid along the surface has been analyzed and reported by Gebhart [3] . The effects of mass transfer on flow past an impulsively started infinite vertical plate with constant heat flux and chemical reaction have been studied by Das et al. [4] . Andersson et al. [5] have studied the flow and mass diffusion of a chemical species with first-order and higherorder reactions over a linearly stretching surface.
All the above referenced studies have dealt with flows of Newtonian fluids. In recent years, non-Newtonian liquids have been appearing in increasing numbers. In spite of the extensive research over the past few decades which dealt with the flow of nonNewtonian fluids, there has been little work done on the unsteady flow for non-Newtonian fluids. Abd El-Naby et al. [6] have analyzed the effect of radiation on MHD unsteady free-convection flow past a semi-infinite vertical porous plate. Ganesan and Palani [7] have studied unsteady natural convection MHD flow past an inclined plate with variable surface heat and mass flux. El-Kabeir et al. [8] have considered unsteady MHD combined convection over a moving vertical sheet in a fluid saturated porous medium with uniform surface heat flux. Mbeledogu and Ogulu [9] have considered heat and mass transfer of an unsteady MHD natural convection flow of a rotating fluid past a vertical porous flat plate in the presence of radiative heat transfer. Usha and Sridharan [10] have reported on the motion of a liquid film on an unsteady stretching surface. Andersson et al. [11] have studied heat transfer in a liquid film on an unsteady stretching surface. Also, Andersson et al. [12] have analyzed flow of a power-law fluid film on an unsteady stretching surface. Chen [13] has considered heat transfer in a power-law fluid film over a unsteady stretching sheet.
Very recently, Amir and Kayvan [14] have used the homotopy analysis method for solving unsteady MHD flow of Maxwellian fluids above impulsively stretching sheets. Bég et al. [15] have employed Network numerical simulator for time-dependent nonlinear buoyancy-driven double-diffusive radiative convection flow in non-Darcy geological porous media. In the present work, a numerical solution is presented for unsteady coupled heat and mass transfer by natural convection from a non-Newtonian power-law fluid flow past a vertical plate embedded in a porous medium in the presence of viscous dissipation and chemical reaction effects.
Mathematical analysis
Many different types of non-Newtonian fluids exist but the simplest and most common type is the power-law fluid for which the theological equation of state between stress components and strain rate components defined by Vujanovic et al. [16] is
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where P is the pressure, δ i,j is the Kronecker delta, and K and n are the consistency and flow behavior indices of the fluid. When n > 1 the fluid is described as dilatant, n < 1 as pseudo-plastic and when n = 1 it is known as the Newtonian fluid. Consider unsteady, laminar, boundary-layer, two-dimensional free convective flow of a non-Newtonian power-law fluid over a vertical flat plate embedded in a non-Darcian porous medium in the presence of viscous dissipation effects. The fluid properties are assumed to be constant and a first-order homogeneous chemical reaction is assumed to take place in the flow. Under these assumptions with the usual Boussinesq approximation, the governing boundary-layer equations that are based on the balance laws of mass, linear momentum, energy and concentration species for this investigation can be written as:
wherex andȳ are the Cartesian coordinates andt represents time.ū andv are the velocity components alongx andȳ axis. ρ is the fluid density, k is the thermal conductivity, C p is the specific heat at constant pressure and ν = µ/ρ is the kinematic viscosity, where µ is the constant viscosity of the fluid in the boundary layer region, k c is the rate of chemical reaction, g is the acceleration due to gravity, β T is the volumetric coefficient of thermal expansion, β C is the volumetric coefficient of concentration expansion. k 1 , ε and F are the permeability of porous media, porosity and the empirical constant, respectively, D m is the coefficient of mass diffusivityT ∞ andC ∞ are the free stream temperature and concentration, respectively.
The initial and boundary conditions are:
whereT w andC w are the wall temperature and concentration, respectively.
The dimensionless variables are defined as follows:
where U = (ρL n /k) 1/n−2 and l is a suitable length scale. Substituting the expressions in equation (7) into equations (2)- (5) yields the following dimensionless equations:
where
are the dimensionless first and second-order resistance due to the presence of the solid matrix,
is the Eckert number. Gr =
are the Grashof number and the modified Grashof number, respectively, P r = The dimensionless initial and boundary conditions become
Of special significance for this type of flow and heat and mass transfer situation are the skin-friction coefficient C f , the Nusselt number Nu and the Sherwood number Sh.
These physical quantities are defined in dimensionless form, respectively, as follows:
Nu Re
Sh Re
Solution technique
The unsteady non-linear coupled equations (8)- (11) subject to the initial and boundary conditions (12) are solved by using an explicit finite-difference scheme. The steadystate condition is assumed to exist when ∂u/∂t, ∂T /∂t and ∂C/∂t approach zero in the unsteady-state problem. We assumed that the length of the plate is X max = 10 units and the boundary-layer thickness is Y max = 30 units. Let u ′ , v ′ , T ′ and C ′ denote the values of u, v, T and C at the end of time step. The approximate set of the finite-difference equations corresponding to equations (8)- (11) are:
where (i, j) represents the grid points. The coefficients u i,j and v i,j are treated as constants, during any one time-step. Then, at the end of any time step ∆t, the new velocity components u ′ and v ′ , the new temperature T ′ and the new concentration C ′ at all interior grid points may be obtained by successive applications of equations (16)-(19). The velocity, temperature and concentration profiles were calculated at various dimensionless times. The region of integration is considered as a rectangle with sides x, x max = 10 and y, y max = 30 where y max corresponds to y = ∞ which lies very well outside the momentum, thermal and concentration boundary layers. After performing few tests on sets of mesh sizes to access grid independence, the time and spatial step sizes ∆t = 0.001, ∆x = 1 and ∆y = 1 were found to give accurate results. The results are presented in the next section with a view to isolate the effect of each individual parameter. The complete results for t > 20 show no changes in u, v, T and C. Therefore, the value t = 20 is used in most of the figures and is considered as representing the steady-state condition.
Results and discussion
In this section, a representative set of graphical steady-state results at x = 10 is presented in Figs. 1-20 . These figures illustrate the influence of the chemical reaction parameter γ, the modified Grashof number Gc, the Eckert number Ec the Prandtl number P r, the Schmidt number Sc, the permeability parameter K and the flow process dimensionless time on the steady-state velocity, temperature and the concentration profiles. Some temporal or time-dependent results are shown in Figs. 21-23 .
Figs. 1-3 show the influence of the chemical reaction parameter γ on the velocity, temperature and concentration profiles in the boundary layer, respectively. Increasing the chemical reaction parameter produces a decrease in the species concentration. In turn, this causes the concentration buoyancy effects to decrease as γ increases. Consequently, less flow is induced along the plate resulting in decreases in the fluid velocity in the boundary layer. In addition, the concentration boundary layer thickness decreases as γ increases. On the other hand, increasing the chemical reaction parameter produces an increase on the temperature profiles. It should be noted here that for generative chemical reactions (γ < 0), distinctive peaks in the concentration profiles and change in the sign of their wall slopes occur. This enhances the distinctive peak appearing in the velocity profiles due to the solutal buoyancy effects. These behaviors are clearly evident in Figs. 1-3 .
Figs. 4-6 display the effects the modified Grashof number Gc on the velocity, temperature and concentration profiles in the boundary layer for two values of k 2 = 0, 0.1, respectively. Increasing the Modified Grashof number Gc leads to an increase in the velocity profiles while it substantially reduces the concentration profile values so that increasing buoyancy body force has an inhibiting effect on the value of contaminant concentration throughout the boundary layer regime normal to the barrier. Also, the temperature profile values are decreased due increases in Gc. In addition, the effects of the local Forchheimer number of porous media k 2 = 0, 0.1 are shown clearly shown in Figs. 4-6. As k 2 increases, the flow resistance increases causing the velocity to decrease and the temperature to increase with slight changes in the concentration profiles. Figs. 7 and 8 display the effects of the Eckert number on the velocity and temperature profiles. For the parametric values used to obtain these figures, it is seen that increasing the Eckert number Ec leads to decreases in both the velocity and temperature profiles with no changes in the momentum and thermal boundary layer thicknesses.
Figs. 9 and 10 present the velocity and temperature profiles in the boundary layer for different values of the Prandtl number P r with two values of n = 0.5, 1.5. It is known that the Prandtl number characterizes the ratio of thicknesses of the viscous and thermal boundary layers. Increases in the values of P r cause the velocity, fluid temperature and the thermal boundary layer thickness to decrease significantly as seen from Figs. 9 and 10. The effects of increasing the Schmidt number Sc on the velocity, temperature and concentration profiles in the boundary layer are shown in Figs. 11-13 . The Schmidt number is an important parameter in heat and mass transfer processes as it characterizes the ratio of thicknesses of the viscous and concentration boundary layers. Its effect on the species concentration has similarities to the Prandtl number effect on the temperature. That is, increases in the values of Sc cause the velocity and species concentration and its boundary layer thickness to decrease significantly as seen from Figs. 11 and 13 . Also, as the Schmidt number increases, the value of fluid temperature increases as seen from Fig. 12 . Figs. 14 and 15 present typical velocity and temperature profiles in the boundary layer for various values of the permeability parameter K, respectively. Increasing the value of K has the tendency to increase the resistance to the flow causing the fluid velocity to decrease and its temperature to increase. This occurs with slight changes in the thicknesses of the momentum and thermal boundary layers.
Figs. 16 and 17 show the velocity and temperature profiles for various values of the power-law fluid index n, respectively. It is clear from these figures that as the powerlaw fluid index n increases, the fluid velocity u increases significantly while the fluid temperature T decreases slightly. In addition, while the momentum boundary layer thickness increases as n increases, then thermal boundary layer thickness remains almost unchanged. Figs. 18-20 present typical velocity, temperature and concentration profiles in the boundary layer for various values of the axial distance x, respectively. As expected, it is observed that all of the velocity, temperature and concentration increase as x increases.
Figs. 21-23 illustrate the development of the velocity, temperature and concentration profiles in the boundary layer as they develop from the transient state conditions to the steady-state conditions for two values of power-law fluid index n, respectively. It is clearly observed from these figures that that all of the velocity, temperature and concentration increase as time progresses from the transient to the steady-state conditions. For the parametric values used to produce the figures, it is also seen that while it takes longer for the temperature profiles to reach the steady-state conditions, the velocity and the concentration profiles reach these conditions faster. Table 1 depicts the effects of power low index n and dimensionless time t on the skin-friction coefficient (u ′ (t, x, 0)) n , and the rate of heat and mass transfer −T ′ (t, x, 0) and −C ′ (t, x, 0). It is clearly observed from this table that while the skin-friction coefficient increases as the dimensionless time increases, the rates of heat and mass transfer decrease until they reach the steady state conditions at t = 20. It is also seen that the rate of mass transfer reaches steady state at a faster pace than the skin friction and the rate of heat transfer. In addition, it is observed that as the power-law fluid index increases, the rate of heat transfer increases. Also, the rate of mass transfer appears to increase insignificantly as n increases. On the other hand, the skin-friction coefficient is observed to decrease as n increases for t ≤ 1 while it increases as n is increased from 0.5 to 1 and then decreases as n is increased from 1 to 1.5 for t = 10 and t = 20. Table 1 . Transient values of (u ′ (t, x, 0)) n , −T ′ (t, x, 0) and −C ′ (t, x, 0) for various values of power-law fluid index n and Gr = 0.5, Gc = 1, γ = 1, k2 = 0.05, K = 1, P r = 0.71, Sc = 0.62, Ec = 0.02, Re = 1 and x = 10. Table 2 illustrates the influence of the dimensionless first and second-order resistance parameters (permeability and Forchheimer parameters) due to the presence of the solid matrix, (K, k 2 ) and the values of x on the skin-friction coefficient (u ′ (t, x, 0)) n , the rate of heat transfer −T ′ (t, x, 0) and the rate of mass transfer −C ′ (t, x, 0). It is observed that the local skin friction and heat and mass transfer rates decrease due to increases in either of the permeability parameter K or the Forchheimer number of porous media k 2 . In addition, as the axial distance x is increased, the skin friction coefficient increased while both rates of heat and mass transfer decreased. Table 3 illustrates the influence of the solutal buoyancy (modified Grashof number) Gc, the Eckert number Ec and the chemical reaction parameter γ and dimensionless time t on the skin-friction coefficient (u ′ (t, x, 0)) n , the rate of heat transfer −T ′ (t, x, 0) and the rate of mass transfer −C ′ (t, x, 0). It is predicted that both the skin-friction coefficient and the Nusselt number increase due to increases in the solutal buoyancy parameter while the skin-friction coefficient decreases as the chemical reaction parameter increases. Also, the Sherwood number is predicted to increase as either of the solutal buoyancy parameter or the chemical reaction parameter increases. In addition, increasing the Eckert number Ec leads to decreases in both of the local skin-friction coefficient and the Sherwood number while the Nusselt number increases. Table 2 . Transient values of (u ′ (t, x, 0)) n , −T ′ (t, x, 0) and −C ′ (t, x, 0) for various values at Gr = 0.5, Gc = 1, γ = 1, n = 1.5, Ec = 0.02, P r = 0.71, Sc = 0.62 and Re = 1. Table 3 . Transient values of (u ′ (t, x, 0)) n , −T ′ (t, x, 0) and −C ′ (t, x, 0) for various values at Gr = 0.5, k2 = 0.05, K = 1, n = 1.5, P r = 0.71, Sc = 0.62, Re = 1 and x = 10. Table 4 depicts the effects of the Reynolds number Re, Prandtl number P r and the Schmidt number Sc on the skin-friction coefficient ((u ′ (t, x, 0)) n , and the rates of heat and mass transfer −T ′ (t, x, 0) and −C ′ (t, x, 0). It is clearly observed from this table that the skin-friction coefficient decreases as either of the Prandtl number, Reynolds number or the Schmidt number increases. Also, the rate of heat transfer or Nusselt number is predicted to increase due to increases in the Prandtl number while it decreases as either of the Schmidt number and the Reynolds number increases. In addition, the Sherwood number is predicted to increase as a result of increasing either of the Schmidt number, Reynolds number and the Prandtl number. Table 4 . Transient values of (u ′ (t, x, 0)) n , −T ′ (t, x, 0) and −C ′ (t, x, 0) for various values at Gr = 0.5, Gc = 1, γ = 1, k2 = 0.05, K = 1, Ec = 0.02, n = 1.5, Sc = 0.62, P r = 0.71 and x = 10. 
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Conclusions
The problem of unsteady, laminar, heat and mass transfer by natural convection boundarylayer flow of a viscous fluid over a vertical plate to non-Newtonian fluids embedded in a uniform porous medium in the presence of viscous dissipation and first-order chemical reaction effects was considered. Both the wall temperature and wall concentration were assumed to be constant. The governing equations for this problem were developed and non-dimensionalized and the resulting equations were then solved numerically by an explicit finite-difference scheme. It was found that, in general, the skin-friction coefficient increased as the solutal buoyancy, increased and it decreased as a result of increasing either of the local Forchheimer number, permeability parameter, Eckert number, Reynolds number, Prandtl number, Schmidt number or the chemical reaction parameter. In addition, the Nusselt number was predicted to increase due to increases in either of the Prandtl number, solutal buoyancy or the Eckert number while it decreased as either of the local Forchheimer number, permeability parameter, chemical reaction parameter or the Schmidt number increased. Furthermore, the Sherwood number was predicted to increase as a result of increasing either of solutal buoyancy, Prandtl number, Reynolds number, chemical reaction parameter or the Schmidt number while it decreased as a result of increasing either of the Eckert number, the local Forchheimer number, permeability parameter increased. The skin-friction coefficient increased while the Nusselt number and the Sherwood number decreased as either of the axial distance along the plate or the dimensionless time increased. Finally, it was observed that as the power-law fluid index increased, both rates of heat and mass transfer increased. On the other hand, the skin-friction coefficient was observed to decrease as n increased at small times while it increases as n was increased from pseudo-plastic to Newtonian fluids conditions and then decreased as n was increased from Newtonian to dilitant fluid conditions at large times.
